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91. INTRODUCTION 
A BILINEAR map f: R” x Rh + R’ is “nonsingular” if f(x, y) = 0 implies x = 0 or y = 0. If we apply 
the “Hopf construction” to j, we get a map 
h: R”xRb-{O}-R+‘-{0} 
defined by h(x, y) = (Ix]‘- ]y(*, 2f(x, y))[9]. This gives an element in the homotopy group 
na+,_,(sC). It is of interest to ask the question: what (stable) homotopy classes u of spheres can 
arise from nonsingular bilinear maps in this way? For example, if u = 2~. or if u is an element in 
the image of the J homomorphism, then one knows that u can be constructed from a classical 
Hurwitz-Radon map via the above process[l]. On the other hand, nothing is known if u is any 
other non-halvable stable homotopy class in a positive stem. 
In $2, we give a nonsingular bilinear map R6 x R6 +R9 whose Hopf construction yields the 
nontrivial element v* in lr,,(Sp. This is a lowest dimensional example. A similar map 
R” x RI’-, R” in $3 yields Y’ in 7r2,(S”). Of course, neither n* nor V’ lies in the image of the J 
homomorphism. 
Finally, in $4, we use another bilinear map R” x R” --, RI6 to show that the homotopy class 2~ 
in nls(S”) has a harmonic map as representative, where “harmonic maps” are as defined in[3]. 
This provides one further example towards the study of harmonic maps between spheres, see[8]. 
52. THE MAP R’ x R‘+ R’ 
We define a R-bilinear map f: C’ x C3+R @ C4 by sending z x w = (z,, z2, z,) x (w,, WZ, WJ to 
the following vector in R@C”: 
This map is a modification of the one in [4, theorem 21, and can be shown to be nonsingular by the 
same argument outlined there. (See also the proof of proposition (2.2) below). Applying the Hopf 
construction to f, we get 
h: C3xC3--{O}-R2@C4-(0) 
given by h(r, w) = (C z,Z, -Z wiGi, 2f(z, w)). We shall use the method of framed cobordism to 
prove: 
THEOREM (2. I). The homotopy class represented by h is ‘I’, the nonzero element in T,,(T) = Z2. 
As a preliminary, we present 
PROPOSITION (2.2). The point m = (0, 0, 0, I, 0,O) E R2 @ C4 is a regular value ofh. The inverse 
image h-‘(m) is a smooth manifold M consisting ofpoints (z,, zZ, z3, w,. H’>, w3) in C’ x C’- {0} 
defined by the following equations: 
Zn = w3 = 0, w1 = zz, WZ = z,. 
ilil - + zzZ = $ and i2z, + f,zz = 0. 
In particular, M is diffeomorphic to a 2-dimensional torus sitting inside the unit sphere of C’ x C’. 
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Proof. Setting h(z, w) = m leads to the equations 
(1) 2 2j.q = 2 w#, (2) G’I.7, + T,w, = 0 
(3) P,z, + **z* + z3w3 = 0, (4) w*.f, + .z*bq = ; 
(5) z*& - wzzj = 0, (6) .zi%- wlzx = 0. 
Equation (4) shows that wI, w2 cannot be both zero, hence each side of (1) is a strictly positive 
real number. Let (i) be the equation obtained from conjugating equation (k) above. Then, with 
obvious meaning for the notation, we can evaluate (3)9, - B*(5) - P,(6) and ~~(3) + (5jz2 + (6)~~ 
respectively, obtaining 
ZJ w, ti, + w2G* + ws@J = 0, 
WS(Z,f, + z& + z,L) = 0, 
from which we deduce z3 = w3 = 0. After simplifying (1 j(4) by this result, we can evaluate 
w,(3) + (4)~~ - ~(2) and G(4) - (3)E, + (2)9, respectively, ending in 
Z2(WlG, + w*G*) =; w,, 
1 _ 5,( w, 9, + wz&) = - WI. 
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It follows that wI = AZ*, w2 = AZ, for a positive real number h, and necessarily A = I by virtue of 
(I). The full description of h4 = h-‘(m) now follows. 
Thus a general point I E M has coordinates (z,, z2, 0, z2, z,, 0) with z,, z2 any two complex 
numbers atisfying z,f, + z2zz = l/2 and i;z, + f,z2 = 0. The diffeomorphism S’ x S’+ A4 given 
by 
V2 (u,,uz)-5=~(u,+u~,uI-uz,o,u1-uz,uI+u2,0) (7) 
shows M to be the 2-dimensional torus. 
Finally one must check that at any 5 E M, the derivative D/t,: RI*-, R” of h has rank 10. This 
is shown by a technical calculation. We omit it for the time being, but shall return to comment on 
it in remark (2.4). It suffices to point out here that calculation of Dh, is greatly facilitated by the 
following fact: if f: R” X Rb --f R’ is bilinear, then mcr.y): R” x Rb + R’ is given by 
%.,,(X Y) = fk Y) +fGK Y). (8) 
To proceed to the proof of theorem (2.1) we fix the standard frame e,, . . . , elo at m in 
R2 @ C”, along the coordinate axes, and use it to induce a normal framing u of M in C3 X C3. By 
the general theory of framed cobordism, h represents the nonzero class of ~T,,(SP if and only if 
(M, u) has Kervaire invariant one. 
Recall that the Kervaire invariant of a framed manifold (M’“, u) is computed as the Arf 
invariant of certain Z2-valued quadratic form Q0 defined on H”(M; Z,), as explained in 121. For M 
a two dimensional torus, Q_ can be defined on H,(M; Z,) instead, as was carefully explained in 
[7, $151. We shall use[7] as a basis for computing the Kervaire invariant. 
It will be convenient to introduce an auxiliary framing v of M in C3 x C3. Let E be the linear 
subspace of C’ x C3 defined by z, = We = 0, w, = z2 and w2 = z,. Then M lies in the unit sphere 
S’(E) of E. At the point 5 = (z,, zz, 0, z2, z,, 0) E M we now introduce Y to consist of vectors 
{t+}l+slo, where 
V, = (zz, z,, 0, zl, zz, 0) = normal vector of M in P(E) at I; 
v2 = (z,, z2, 0, z2, z,, 0) = the “position vector”, normal to S’(E); 
, Y,, = constant normal vectors of E in C3 x C’, given explicitly by 
~:‘$,o.o,o,-l,O), v~=(irO,O,O,-irO), 
u~=(0,1,0,-1,0,0), v,=(O,i,O,-i,O,O), 
V-I = (0, 0, 1, o,o, O), V8 = (0, 0, i, 0, 0, O), 
V9 = (0, o,o, o,o, 1). V,0 = (O,O, o,o, 0, i). 
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PROPOSITION (2.3). Let yi be the one dimensional mod 2 cycle on M defined by setting u, = 1 in 
(7), so that y, + y2 is the cycle defined by z, = 0 (or zZ = 0) on M. Then the quadratic form Qv of the 
framed manifold (M, v) is given by Q”(O) = Q.(yJ = Q”(R) = 0. Q.(y, + y2) = 1. 
Proof. This can be verified by direct computation following the recipe of [7,$ IS]. We offer an 
alternative geometric argument. Let p consist of the normal vector fields Y,, v2 on M. Then 
because v3,. . . , vi0 are constant normal vectors to E, the framed manifold (M, II) in E obviously 
has quadratic form Q, = Q.. Since (M, CL) is invariant, up to a sign change in the normal vectors, 
under the involution of E defined by z, + z,, z2 + -z2, Q,, should take the same value on the 
cycles yl and y2, which are interchanged by the involution. On the other hand, At-f (4) = 0, 
because as a homotopy class, (M, CL) E p4(Sz) represents the suspension of (M, v,) E r,(S’) = 
0. This forces Q,(y,) = Q_(y2) = 0, Q,(y, + y2) = 1, and proves the proposition. 
As a last step towards computing the Kervaire invariant of (M, a), observe that the difference 
between u and Y is measured by a map 4: M+GL(lO, R). According to[7,§15], if y is any 
l-cycle on M, then 4],, considered as an element of r,(GL( IO, R)) = Z2, is precisely the difference 
between Q”(y) and Q_(y). But since v is the framing induced from the standard frame {ei}16islo at 
m, the matrix 4(J) for any 5 = (z,, z2, 0, z2, z,, 0) in M is simply obtained by writing out the 
vectors Dh,(q), 15 j I 10, in a 10 x 10 array. This is not difficult in view of (8). If we write 
zI = a + bi, z2 = c + di, the result is 
Dh,(v,) = X0 1 1 o 0 0) 
Dhc(4 = 2(0 o o 1 0 0) 
Dh,(v,) =4(a c -di bi 0 0) 
Dh,(vJ = 4(b d ci -ai 0 0) 
Dh,(vJ = 4(c -a -bi -di 0 0) 
Dh,(v4=4(d -b ai ci o 0) 
Dh,(v,) = 2(0 0 0 0 -z, -z2) 
Dhc(vs) = 2(0 0 0 0 -:!i -z,i) 
Dh,(vs) = 2(0 0 0 0 :2 zJ 
Dhr(vlO) = 2(0 0 0 0 -:21 ’ -z,i). 
Here the first two columns are real, and each of the other columns is “complex”, i.e., 
equivalent to two real columns. Notice that the upper diagonal 6 x 6 block is nonsingular not only 
for all points in M but in fact for all points in S’(E), so that this block contributes nothing to the 
value of &, because any l-cycle y on M is homologous to zero in P(E). Concentrating, 
therefore, on the lower 4 x 4 diagonal block, it is easy to determine that $I,,+,, = 0, 41y2 = 1. All in 
all the quadratic form Q_ takes the value 1 on y, and y2, and hence has Arf invariant one. This 
concludes the proof of theorem (2.1). 
Remark (2.4). The 10x 10 matrix displayed above is nonsingular for all 5 E M, by easy 
inspection. For example, its 7th row is orthogonal to the 9th, due to the defining equation 
52zI + flz2 = 0 of h4. Thus the matrix provides an instant proof that m is indeed a regular value of 
h, as claimed in proposition (2.2). 
Remark (2.5). Theorem (2.1) gives the lowest dimensional example for realizing n2 by 
nonsingular bilinear maps, in the following sense: if R” x Rb --*Roth-’ is nonsingular bilinear with 
a 56, b 5 6 and (a, b) # (6, 6) then its Hopf construction cannot give the generator n2 in 
7l.+b-,(Y-’ ). The reason is that such a Hopf construction can only give a “projective 
homotopy class” of spheres. According to [6], the generator of rr,+z(S”) for k < 9 is projective 
only when k = 2, 5 or 6. Checking through the list of possible nonsingular bilinear maps in low 
dimensions (see for example [5, §I]), one finds that only the generator of P,(S) could possibly 
arise from a map of the form R’x R” --*R-‘. But any such map is extendable to a non-singular (not 
bilinear) map R’ x RJ --, R-‘, and this forces its Hopf construction to yield the zero element of 
7T7(S5). 
93. THE MAP R” x R” -t R” 
If, in the definition of j in 82, we take all zi and wi to be quaternions rather than complex 
numbers, we get a map H’ x H3+R @ H4 which is again nonsingular, and its Hopf construction 
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will be h: Rz4- {O}+ RI"- {O}. The point m = (0, 0, 0, 1, 0,O) in R* @ II4 is now a regular value for 
h, and this time M = h-‘(m) is diffeomorphic to S3x 9, with an induced framing u. 
THEOREM (3.1). The framed manifold (M, u) has Kervaire invariant one, so that h represents the 
generator Y* in ~~4s”). 
The proof is completely analogous to that in theorem (2.1). 
54. THE NORMJZD BILINEAR MAP R’* x R’*+R“. 
Consider R”’ as K @C, with general element (x1, x2) where x, E K is a Cayley number, and 
x2 E C is complex. The map referred to in the section title is given by 
f((x,, xz), (Y,, YZ)) = (x~Y, - ~2x2, Y2x, +x2jd E K'. 
This is a slight modification of the multiplication formula of Cayley numbers regarded as pairs of 
quaternions. 
PROPOSITION (4.1). f is R-bilinear, and has the “normedproperty” that lf(x, y)I = 1x1 * IyI forallx, 
y in R". 
Bilinearity is obvious. The verification of the normed property is formally the same as the 
proof that [aal = Ial - //?I for Cayley numbers a and /3. 
On account of the normed property, the Hopf construction off directly restricts to a map h: 
S”+ S’“. According to [8,§3], h is a hramonic map in the sense of [3]. The interest of this 
observation lies in the fact that h turns out to be essential, so that it provides one further example 
for essential harmonic maps between Euclidean spheres. In fact we have 
THEOREM (4.2). The map h represents the class 2v, where v is the generator of the cyclic group 
Tr&F) = 224. 
The proof is again by framed cobordism, and we only give a brief sketch. The point (0, 0, 1) in 
R @ KZ is a regular value of h, and its inverse image is the subvariety 
{(x1, x2, yI, y2) E S’!$+ = x2, y2 = xl and x2, y2 E CL 
which is diffeomorphic to S’. By an analysis similar to that of theorem (2.1), it can be shown that 
the framing u on S3 induced by h differs from the trivial framing by a map 4: S3+ SO( 16) which 
represents twice the generator of 7r,(SO(16)). It follows that the framed cobordism class (S’, a) is 
2v. 
REFERENCE-S 
1. P. F. BAUM: Quadratic maps and the stable homotopy groups of spheres, INinois .J. Math. 2 (1367). 586-595. 
2. W. BROWDER: Surgery on simply connected manifolds, Springer-Verlag, New York (1972). 
3. J. EELLS and J. H. SAMPSON, Harmonic mappings of Riemannian manifolds, Am. 1. M&h. 86 (1964). 109-160. 
4. K. Y. LAM, Construction of nonsingular bilinear maps, Topology 6 (1%7), 423-426. 
5. K. Y. LAM, Sectioning vector bundles over real projective spaces, Q. II. Moth. (2). 23 (1972). 97-106. 
6. R. 1. MILGRAM, 1. STRUI-~ and P. ZVENGROWSU, Computing projecfiue stable stems with the Adams spectral sequence, to 
appear. 
7. L. S. PONTRYAGIN, Smooth manifolds and their applications in homotopy theory, Am. Math. Sot. Translations, series 2,ll 
(1959). l-114. 
8. R. T. SMITH. Harmonic mappings of spheres, Am. 1. Moth. 97 (1975), 364-385. 
9. R. WOOD. Polynomial maps from spheres to spheres, bent. Mod 5 (1%8), 163-168. 
University of British Columbia, 
Vancouver 
